The accretion phase of star formation is investigated in magnetically-dominated clouds that have an initial subcritical mass-to-flux ratio. We employ nonideal magnetohydrodynamic simulations that include ambipolar diffusion and ohmic dissipation. During the early prestellar phase the mass-to-flux ratio rises toward the critical value for collapse, and during this time the angular momentum of the cloud core is reduced significantly by magnetic braking.
INTRODUCTION
The magnetic field is a crucial ingredient in the star formation process. Both observational and theoretical studies indicate that the magnetic field is closely related to various phenomena such as protostellar jets, outflows, and circumstellar disks. Magnetized prestellar clouds can be classified into two types: supercritical and subcritical (Mestel & Spitzer 1956; Spitzer 1968; Shu 1983) . In the former, gravity dominates the magnetic field, which cannot support the prestellar cloud, and a prompt gravitational collapse occurs on a dynamical timescale to form a protostar. In the latter, the self-gravity cannot overcome the Lorentz force under conditions of flux freezing, but gravitational contraction is induced on a longer (ambipolar diffusion) timescale through neutral-ion slip (Nakano & Tademaru 1972; Mouschovias & Paleologou 1979; Shu et al. 1987; Lizano & Shu 1989) . Dynamical collapse then occurs within a cloud core that has increased its mass-to-flux ratio to a supercritical value (e.g. Mouschovias et al. 1985; Fiedler & Mouschovias 1992 , 1993 Ciolek & Mouschovias 1994; Basu & Mouschovias 1994 , 1995a Nakano 1998) .
Observationally, it is difficult to directly measure the magnetic field strength in molecular clouds through the Zeeman effect. Crutcher (1999) compiled the Zeeman detections of magnetic field strength for 27 dense regions of molecular clouds, in which 22 out of 27 were inferred to be supercritical and five were subcritical (see also Nakamura et al. 2019 ). Shu et al. (1999) pointed out that a greater fraction would be inferred to be subcritical if the clouds were assumed to be flattened along the direction of the magnetic field. Since even subcritical clouds would develop observable supercritical cores through ambipolar diffusion, the larger question is whether the low density molecular cloud envelopes, representing the initial conditions of molecular clouds, are supercritical or subcritical. Indirect measures of the magnetic field strength through polarized emission or extinction often imply that the magnetic field strength is high (e.g. Beltrán et al. 2019; Soam et al. 2019) . The recent large-scale mapping of the intensity and polarization of Galactic dust emission by the Planck satellite (Planck Collaboration et al. 2016) revealed an ordered magnetic field on large scales that is consistent with sub-Alfvénic or at most Alfvénic turbulence. When the Davis-Chandrasekhar-Fermi (DCF) method is applied to the data, the inferred magnetic field strengths imply subcritical mass-to-flux ratios. This result is consistent with some previous analyses of polarization and velocity anisotropy in molecular cloud envelopes (Cortes et al. 2005; Heyer et al. 2008) .
Given the above observational results, there is a need to study the gravitational collapse of cores that arise from both supercritical and subcritical molecular cloud envelopes. Many numerical simulations have studied the collapse of cores from supercritical initial conditions (e.g. Tomisaka 2002; Banerjee & Pudritz 2006; Tomida et al. 2015; Wurster & Bate 2019) .
However, the collapse process including the accretion phase when starting from subcritical initial conditions remains relatively unexplored, especially using three-dimensional simulations. A key difference in the collapse process can arise through a reduced amount of angular momentum in the ultimately collapsing supercritical core, as well as through the amount of magnetic flux available in the core. In an earlier paper (Machida et al. 2018, hereafter, Paper I), we revisited star formation in a subcritical cloud. We calculated the evolution until about one year after protostar formation. The prestellar collapse developed structure that was consistent with many previously calculated properties of magnetically-supported clouds (Mouschovias 1976; Nakano 1982; Tomisaka et al. 1988b; Tomisaka et al. 1989 Tomisaka et al. , 1990 , and showed a similar efficiency of magnetic braking and magnetic flux loss as in thin-disk evolutionary models (e.g. Basu & Mouschovias 1994 , 1995a . Furthermore, the magnetic braking led to a decreasing and oscillatory behavior of the angular velocity that had been seen in analytic models (Mouschovias & Paleologou 1979 . In addition, we showed that in a subcritical cloud, a possible outcome is a tiny disk or no disk along with a very weak outflow. This is considerably different from star formation within initially supercritical clouds, and constitutes a different mode of star formation.
Paper I focused mainly on the gas collapsing phase prior to protostar formation and compared results with past studies. We calculated the accretion phase for only one year following protostar formation in Paper I. Subsequent to Paper I, this study focuses on the gas accretion phase after protostar formation. The paper is structured as follows. The model and numerical settings are described in §2. The calculation results are presented in §3. In §4, we discuss the angular momentum and magnetic flux problem and then compare simulation results with observations. A summary is presented in §5.
CALCULATION MODELS AND NUMERICAL SETTINGS
Since the calculation models, initial conditions and numerical settings are almost the same as in Paper I, we describe them briefly here. A minor difference is that the initial prestellar cloud adopted in Paper I is slightly larger and more massive than that adopted in this study.
For the initial state an isothermal sphere with a Bonnor-Ebert density profile is adopted.
We construct the Bonnor-Ebert profile with a central density 7 × 10 5 cm −3 and an isothermal temperature T iso,0 = 10 K. Then, we enhance the cloud density by a factor of two in order to realize a thermally unstable state Machida et al. 2010; Machida & Hosokawa 2013) . Thus, the initial cloud has a central density n c,0 = 1.4 × 10 6 cm −3 . The mass and radius of the initial cloud are M cl = 1.0 M ⊙ and R cl = 5.2 × 10 3 au, respectively. Note that the cloud mass and radius adopted in Paper I are M cl = 1.1 M ⊙ and R cl = 6.2 × 10 3 au, respectively.
In this study, we assume a rigid rotation of Ω 0 = 1.7 × 10 −13 s −1 in the initial cloud, and an initially uniform magnetic field B 0 , which is a parameter in this study. The magnetic vector is aligned with the rotation vector of the initial cloud, and they are parallel to the z-axis. We adopt three different magnetic field strengths B 0 = 330, 236 and 165µ G, which correspond to µ 0 = 0.5, 0.7 and 1.0, respectively, where µ 0 is the normalized mass-to-flux ratio and is defined as
(1)
Note that equation (1) corresponds to the normalized mass-to-flux ratio of the whole cloud at the initial state. In reality, the ratio is a function of mass and radius (see Fig. A1 and Fig. 1 of Paper I). Thus, we need to pay attention to the difference between the local and global ratios (for details, see §A). The magnitude of the ratio of the thermal to gravitational energy (α 0 ) is set to 0.42 and the ratio of rotational to gravitational energy (β 0 ) is set to 0.02.
The models and cloud parameters are summarized in Table 1 . We prepared seven models (µ 0 = 0.1, 0.3, 0.5, 1, 2, 3 and 5) in Paper I, while we show the results of three models (µ 0 = 0.5, 0.7 and 1) in this paper. Models with µ 0 = 0.5 and 1 are the almost the same as in Paper I, and the results in the gas collapsing stage are also essentially the same. In addition to these two models (µ 0 = 0.5 and 1), we add a new model that has µ 0 = 0.7, as listed in Table 1 .
The basic equations used in this study are described in Paper I (see eqs.
[3]-[7]), in which the equation of state (EOS) adopted in Paper I (eq. [8] of Paper I) is replaced by equation (1) of Machida (2014) . The difference in the EOS between Paper I (eq. [8] of Paper I) and Machida (2014) appears only at a high density of n ∼ > 10 18 cm −3 , while the EOS in the range n ∼ < 10 18 cm −3 is almost the same in the two cases. In the high density region, the EOS becomes stiff at ∼ 3 × 10 18 cm −3 with a polytropic index Γ = 2.0 (Machida 2014), while it becomes stiff at n ≃ 10 21 cm −3 with Γ = 5/3 in Paper I. Machida & Nakamura 2015) .
As described in Paper I, both ohmic and ambipolar diffusivities are pre-calculated according to Umebayashi & Nakano (1980) , Nakano & Umebayashi (1986) , Nishi et al. (1991) , Nakano et al. (2002) and Okuzumi (2009) , and we prepare a table of them. The ohmic and ambipolar diffusion coefficients, which are a function of the density, temperature and magnetic field strength, are taken from the table in each time step. The detailed explanations are given in the Appendix of Paper I.
The simulations are done with our nested grid code (for details, see Machida et al. 2004 Machida et al. , 2005a Machida et al. , 2006 Machida et al. , 2007 Machida et al. , 2010 Machida et al. , 2011 . Each grid is composed of (i, j, k) = (64, 64, 32) cells, in which a mirror boundary is imposed on the z = 0 plane. We use a maximum nineteen levels of nested grid (l max = 19) for this simulation. The grid size and cell width of the coarsest grid is L(l = 1) = 1.7 × 10 5 au and h(l = 1) = 262 au, respectively. On the other hand, the finest or maximum level of the grid has L(l = 19) = 0.64 au and h(l) = 0.01 au, respectively. In the numerical code, the hyperbolic divergence cleaning method (Dedner et al. 2002 ) is adopted to realize a divergence-free field. The initial Bonnor-Ebert (prestellar) cloud is immersed in the fifth level of the grid (l = 5), and the boundary is set to surface of the first level of grid (l = 1). Thus, the boundary is 16 times farther than the edge of the initial prestellar cloud.
A new level of the grid is generated when needed to ensure the Truelove condition, in which the Jeans wavelength is resolved by at least 16 cells (Truelove et al. 1997) . The high-density interstellar medium (∼ 9.7 × 10 4 cm −3 ) is included to prevent the Alfvén velocity becoming very high outside the Bonnor-Ebert sphere. A high Alfvén velocity in a very low-density interstellar medium will significantly slow down the simulation with a small time step. In addition, inclusion of the high-density interstellar medium can reduce the boundary effect because the Alfvén waves generated from inside the Bonnor-Ebert sphere never reach the boundary, which is 16 times farther than the edge of the Bonnor-Ebert sphere. Thus, the reflection of Alfvén waves at the boundary is suppressed, as described in Paper I.
The outer low-density region does not contribute to self-gravity in our calculation. However, it can accept angular momentum from the core as transferred by magnetic braking (Machida & Hosokawa 2013) . Hence, the external medium sets the efficiency of magnetic braking and along with the magnetic field strength helps to determine the magnetic braking timescale. The external medium is not rotating in our simulation. Future work can explore different densities and rotation rates of the external medium through a parameter study.
RESULTS

Cloud Evolution for a hundred years after Protostar Formation
We calculate the evolution of subcritical clouds from the prestellar stage until ∼500 yr after protostar formation. In this section, we focus on the cloud evolution during the gas accretion phase following protostar formation. The cloud evolution during the gas collapsing stage prior to protostar formation was described in Paper I.
Firstly, we focus on the cloud structure at t ps ≃ 100 yr after protostar formation. Figure 1 shows the density and velocity distributions for all models (models M1, M07 and M05) about 100 yr after protostar formation. Among the models, model M1 has a marginal value of mass-to-flux ratio µ 0 = 1, while the other two have subcritical values µ 0 = 0.7 (M07) and 0.5 (M05), respectively. Although we do not show the cloud evolution and structure for the supercritical case µ 0 > 1, model M1 can be regarded as an alternative to supercritical (µ 0 > 1) models. 1
In model M1, a tiny disk with a size ∼ 1 au appears around the protostar (Figs. 1a and d) and it drives an outflow as seen in Figure 1d . The outflow has a well-collimated structure with a speed ∼ > 10 km s −1 . As seen in Figure 1d , the rotating disk is enclosed by the pseudodisk that has a height ∼ 1 au at r c ∼ 2 au, where r c is the radius in cylindrical coordinates.
In model M1, although the size of the rotating disk is a bit small, the rotationally-supported disk, pseudo-disk, and outflow appear as usually seen in star formation in supercritical clouds (e.g. Machida, & Basu 2019) .
The structure around the protostar for the subcritical model M07, which has µ 0 = 0.7, is considerably different from model M1. In this model, no rotating disk appears by this epoch (t ps ≃ 100 yr). As seen in Figure 1b , all the velocity vectors on the equatorial plane point to the center without an azimuthal component. As shown in Paper I, in subcritical clouds the magnetic braking decreases the cloud-scale angular momentum (see also Basu & Mouschovias 1994 , 1995a . Thus, in many cases, not enough angular momentum remains to form a rotationally-supported disk in the early accretion stage. Note that, in a subcritical cloud, the amount of angular momentum introduced into the central region depends on the timing at which the gravitational collapse occurs after sufficient magnetic flux is removed by ambipolar diffusion (for details, see below and Paper I, Mouschovias & Paleologou 1979 , 1980b .
As also seen in Paper I, some subcritical models show either no disk or a very tiny rotationally-supported disk just after protostar formation. During the mass accretion stage, the gas with a (relatively) large angular momentum is expected to fall onto the central region and form a rotationally-supported disk in the absence of magnetic braking on a large scale. However, in model M07, no rotationally-supported disk appears by this epoch (t ps = 100 yr), which indicates that the angular momentum is effectively removed by magnetic braking. In addition, in model M07, a very weak outflow appears above and below the pseudo-disk, as shown in Figure 1e . Comparison of Figure 1d with Figure 1e indicates that the outflow density is considerably lower in model M07 than in model M1. In Figure 1 , the outflow has a density ∼ 10 12 cm −3 for model M1, while it has a density < 10 10 cm −3 for model M07.
Next, we focus on model M05 (µ 0 = 0.5), which has the strongest magnetic field in the initial state among the models. As shown in Figure 1c , in this model the disk has a counterrotation. Since all prestellar clouds have an anti-clockwise rotation and the rotation vector points in the positive z-direction, the disk should have an anti-clockwise rotation when a simple cloud collapse is considered. However, as seen in Paper I, in subcritical clouds, counter-rotation is frequently realized. In a subcritical cloud, the magnetic field lines are twisted by the rotation of the initial cloud. Then, they are swung back by the magnetic tension force and a counter-rotation is realized while decreasing the total angular momentum.
The decrease and oscillation (i.e. clockwise and anti-clockwise rotation) of the angular velocity has been clearly presented in the analytic models of Mouschovias & Paleologou (1979) and Mouschovias & Paleologou (1980) . We demonstrated the counter-rotating disk in the model with µ 0 = 0.5 in Paper I (see figure 3c in that paper). Figure 1c shows that such a counter-rotating disk can be sustained during the early gas accretion phase. In Figure 1f , the disk-like structure can be confirmed, while the outflow cannot be confirmed on this scale. Figure 2 shows the density and velocity distributions at the same epoch as in Figure 1 , but the spatial scale is different. On a large scale, models M1 and M05 show a cavity structure on the equatorial plane ( Fig. 2a and c) , which is created by an interchange instabil- Figure 2 bottom panels indicate that all the models show an outflow. For model M05, no outflow is confirmed on a small scale ( Fig. 1f ), while the mass ejection occurs instead on a scale of ∼ 100 au ( Fig. 2f ).
Among the models, on a scale of ∼ 100 AU, the outflow is weaker in model M07 than in models M1 and M05. In addition, all the models show a clear pseudo-disk ( Fig. 2 bottom panels), which is formed in the prestellar cloud stage as shown in Paper I and past works (e.g. Mouschovias 1976; Tomisaka et al. 1988a; Tomisaka et al. 1989; Tomisaka 1991) . 
Time Evolution of Protostar, Disk and Outflow
Thus, we identify the protostar as the region that has a number density 10 18 cm −3 and v r < 1 km s −1 . The latter condition (v r < 1 km s −1 ) is imposed so as not to include the outflow driven region near the surface of the protostar (Machida 2014; Machida et al. 2018; Machida, & Basu 2019) . Although the protostellar mass for model M07 is slightly greater than those for models M05 and M1, the protostellar mass for all models is in the range M ps ≃ 0.03 − 0.05 M ⊙ at the end of the calculation (t ps ≃ 500 yr). Therefore, the mass accretion rate is estimated to be ∼ 6 × 10 −5 M ⊙ yr −1 (0.03 M ⊙ /500 yr), which is in rough agreement with analytic solutions (Larson 2003) .
The disk mass is also plotted by the dotted lines in Figure 3a . We identify the (rotating) disk with the following criteria (Machida et al. 2010; Joos et al. 2012; Tomida et al. 2017; Machida et al. 2018; Hirano & Machida 2019; Machida, & Basu 2019) : (1) the number density is in the range 10 8 cm −3 < n < 10 18 cm −3 ;
(2) the azimuthal velocity is greater than the radial velocity by a factor
In Figure 3a , the disk mass for models M05 and M1 increases with time and becomes comparable to the protostellar mass, which is also seen in a supercritical cloud (Machida, & Basu 2019) . As seen in Figure 1 , the disk has a density 10 12 cm −3 ∼ < n ∼ < 10 18 cm −3 , which roughly corresponds to the magnetically inactive region where both ohmic dissipation and ambipolar diffusion are effective (Nakano et al. 2002) . Thus, without an effective mechanism of angular momentum transfer due to magnetic effects, the gas accumulates in the magnetically inactive region and the disk mass finally becomes comparable to the protostellar mass (Tomida et al.
2017 ; Machida, & Basu 2019) . When the disk mass approaches the protostellar mass, the gravitational instability occurs and a parcel of gas is transported from the disk to the protostar. As a result, the disk is self-regulated and has a mass comparable to the protostellar mass as seen in many past works (e.g. Vorobyov & Basu 2006) .
The disk mass is comparable to the protostellar mass in models M05 and M1, while no disk appears in model M07. Thus, the star formation process for model M07 is considerably different from models M05 and M1. For model M07, the infalling gas directly accretes onto the protostellar surface without going through a circumstellar disk.
We also estimated the outflow mass M out (Fig. 3b ), outflow momentum MV out (Fig. 3c ), and momentum flux F out (Fig. 3d ) for each model. At every time step, these are calculated as
where the threshold velocity for the outflow is set to v thr = 1 km s −1 . Figure 3b shows that the outflow mass for models M05 and M1 reaches ∼ 0.02 M ⊙ at t ps ≃ 500 yr. Thus, the outflow mass for these models is comparable to both the protostellar and disk masses.
On the other hand, the outflow mass for M07 is as small as ∼ 10 −4 M ⊙ , which is about two orders of magnitude smaller than in models M05 and M1. The outflow momentum for models M05 and M1 is ∼ 10 −2 − 10 −1 M ⊙ km s −1 , which is consistent with the typical value of observed outflows around low-mass protostars (Wu et al. 2004 ). The outflow momentum flux for models M05 and M1 is in the range 10 −4 ∼ < F out /( M ⊙ km s −1 yr −1 ) ∼ < 10 −3 , which is also in good agreement with the observations around class 0 protostars (Bontemps et al. 1996) . On the other hand, both the outflow momentum and momentum flux for model M07 are considerably smaller than typical observed values. Thus, also in terms of the outflow, model M07 is considerably different from the usual star formation process.
Density and Velocity Profiles
Figure 4 left panels plot the density and radial and azimuthal velocity on the equatorial plane along the x-axis for model M07. In Figure 4a , the sudden increase of the density around 0.03 − 0.05 au corresponds to the protostellar surface. Outside the protostar, the density scales roughly ∝ r −1.5 (expansion wave) and then ∝ r −2 , which both correspond to analytic self-similar solutions (Shu 1977; Hunter 1977) . In addition, a slight wave-like pattern is seen in the range ∼ 0.1 − 10 au, which is caused by the inhomogeneous distribution of the magnetic field (see below). On the other hand, the density profile is rather smooth in the range ∼ > 10 au.
We can also confirm the protostellar surface from the radial velocity profile ( Fig. 4b) ,
in which the sudden increase of the radial velocity roughly corresponds to the protostellar surface. The azimuthal velocities have a local peak just outside the protostar (Fig. 4c ).
For this model (model M07), the angular momentum on the cloud scale is largely removed by magnetic braking during the prestellar cloud stage. Therefore, although the rotational motion eventually becomes prominent just outside the protostar, the rotation velocity (|v φ | ∼ < 3 km s −1 ) is much less than the radial velocity (|v r | ∼ < 25 km s −1 ). However, the rotational motion causes torsional Alfvén waves that generate toroidal fields above and below the protostar. The gradient in the toroidal field can drive the outgoing flow (see below).
The density and velocity profiles along both the x− and y−axes for model M05 are plotted in Figure 4 right panels. The profiles for model M05 are considerably different from those for model M07. The protostellar surface is located around ∼ 0.03 − 0.05 au (Fig. 4d ).
Outside the protostar, the density has a complex profile in the range 0.05 − 30 au. As seen in Figure 1c , the rotating disk exists around the protostar for model M05. The rotating disk gradually evolves with time and its size reaches ∼ 2 au at the end of the calculation.
The disk evolution can be confirmed in Figure 4f , in which the azimuthal velocity suddenly drops at 0.1 −2 au. It should be noted that the initial cloud has a positive azimuthal velocity and positive angular momentum, i.e. the rotation vector points in the positive z-direction as described in §2. Thus, the azimuthal velocity would normally stay positive during the star formation process. Nevertheless, the azimuthal velocity and angular momentum for this model are negative in a wide range, as seen in Figure 4f . The negative rotation (or negative angular momentum) is introduced by the swing back of the magnetic field (or magnetic tension force), and the cloud develops a counter-rotation motion at the center, as explained in Paper I.
Figures 4e and f indicate that the radial velocity is much less than the azimuthal velocity inside the rotating disk. In other words, the rotating disk corresponds to the region where |v φ | ≫ |v r | is realized. The azimuthal velocity becomes nearly zero as the distance from the protostar increases. On the other hand, the radial velocity oscillates around v r ∼ 0 outside the disk. The oscillation in the radial velocity is caused by the interchange instability, which is often seen in the disk formation simulations (Seifried et al. 2011; Li et al. 2013; Joos et al. 2012; Machida et al. 2014; Vaytet et al. 2018 ). (Machida et al. 2007 ). Thus, the magnetic flux accumulates near the outer edge of the disk. In Figure 5 right panel, we can confirm a ring-like structure at r ∼ 1 − 2 au, roughly corresponding to the disk outer edge where the magnetic flux accumulates. Thus, the magnetic field becomes strong near the disk outer edge, around which the interchange instability tends to occur because the magnetic pressure gradient becomes greater than the pressure gradient (Spruit & Taam 1990; Lubow & Spruit 1995) . Then, the magnetic flux interchanges with the gas and it leaks from the disk (Ciolek & Königl 1998) .
Magnetic Flux Loss
The leaked magnetic flux pushes aside the gas and the density cavity is created (Li & McKee 1996) .
Since the magnetic field is coupled with the gas outside the disk, the outward motion seen in the magnetic cavity ( Fig. 5 left panel) means that magnetic flux moves outward.
By this process, the excess magnetic flux is removed from the disk. The complex profiles of density and velocity seen in Figure 4 are attributed to the interchange instability and subsequent leak of the magnetic flux (Li & McKee 1996) . The ratio of the magnetic flux to the mass is plotted against the distance from the protostar in Figure 6 middle panels. At each radius, the ratio can be calculated as
where ∆S is a small area, and the surface density and scale height are defined as Σ = ρh and h = c s /(πGρ) 1/2 (Scott & Black 1980; Saigo & Hanawa 1998; Machida et al. 2005a ). In equation (6), we ignored the magnetic effect when estimating the disk scale height, which is discussed in Appendix §C. We calculated the cloud evolution only for about 500 yr after protostar formation. During the calculation, the magnetic field around the protostar or inside the disk continues to decrease. The magnetic flux is also introduced into the central region with the infalling gas. Thus, the removal and introduction of magnetic field may be balanced in a subsequent evolutionary stage. We need further longer-term calculations to reach more conclusions about the magnetic flux loss from the disk.
Evolution of Protostellar System for 500 years
In supercritical clouds, the protostar is surrounded by a rotationally-supported disk that drives the protostellar outflow. It is believed that the formation of a rotationally-supported disk and the appearance of bipolar outflows are common in the typical star formation process.
On the other hand, the star formation process induced in a subcritical cloud seems to have a remarkable diversity. In this subsection, we confirm whether some curious features that appeared in the subcritical cloud at the protostar formation epoch (or t ps ∼ 100 yr) can be sustained during the main accretion stage. Figure 7 shows the density and velocity distributions for all models at t ps ≃ 500 yr after protostar formation. With this figure, we revisit the characteristics of each model in the following discussion.
In model M1 (Fig. 7 left panel) , the star formation process is similar to that seen in a supercritical cloud, with a small disk and a large cavity appearing around the protostar. The radius of the rotating disk at the protostar formation epoch is about 0.5 au, while that at t ps ∼ 500 yr is ∼ 2 au. Thus, although the disk grows slightly, it remains quite small. Outside the disk, the density cavity that is created by the interchange instability and the leak of the magnetic flux is sustained to this epoch (Fig. 7d, f) . In addition, the protostellar jet does not disappear by this epoch (Fig. 7a) . Thus, the protostar formation process for model M1 is almost the same as seen in a supercritical cloud.
Next, we focus on model M07 (Fig. 7 middle panels ). In this model, the rotating disk does not appear in the early accretion phase (Figs. 1 and 2) . We do expect that the rotating disk will appear in a further evolutionary stage, because parcels of gas with greater angular momentum will later fall onto the central region. However, no disk appears by the end of the simulation (Figs. 7e and h) . On the other hand, the outflow continues to be driven till the end of the calculation (Fig. 7b ), even though it is weaker than in models M05 and M1 ( Fig. 3) .
For model M07, the angular momentum is largely removed by the magnetic braking during the prestellar stage, and thus no rotating disk appears (Paper I). The magnetic dissipation (ohmic dissipation and ambipolar diffusion) is not very effective without the disk, because the gas density around the protostar is too low to switch on the magnetic dissipation (Paper I). In addition, since the radial velocity dominates the azimuthal velocity ( Fig. 4) , the gas directly falls onto the protostellar surface. Thus, there is not enough time to dissipate the magnetic field until the infalling gas reaches the protostar. As a result, the magnetic field is largely coupled with the neutral gas in the infalling envelope. Note that inefficient magnetic dissipation occurs even for model M07 (for details, see Appendix §B). Therefore, the remaining small amount of angular momentum continues to twist the magnetic field lines that can drive the outflow (e.g. Uchida & Shibata 1985; Lynden-Bell 2003; Machida et al. 2008) . Figure 8 shows a three-dimensional view of the outflow and magnetic field lines for model M07. The figure indicates that the magnetic field lines are strongly twisted inside the outflow, even though rotational motion is not apparent in the region around the protostar in Figures 1 and 2 . Note that the rotational (or azimuthal) velocity is actually confirmed in Figure 4c . For this model, the angular momentum is also transported by the outflow and no disk forms in the main accretion stage. The magnetic field is coupled with the neutral gas and the outflow continues to eject the angular momentum as long as no disk appears.
In other words, no disk forms unless the outflow, which transports the angular momentum, disappears.
Finally, we describe model M05. For this model, a counter-rotating disk appears at the protostar formation epoch. As shown in Paper I, a subcritical cloud can have both positive (anti-clockwise) and negative (clockwise) rotations during the prestellar stage, due to the magnetic braking. If a rapid cloud collapse is induced when the central part has a negative rotation, a counter-rotating disk forms around a newly-born protostar (Paper I). Figure 7j shows that the counter-rotating disk is sustained for at least ∼ 500 yr, during which the disk has a size ∼ < 3 au. The outflow also sustains for ∼ 500 yr after protostar formation (Fig. 7c) .
Thus, the counter-rotating disk and outflow system does not transiently appear only at the protostar formation epoch.
For model M05, the outflow should have the same rotation direction as the disk, because the outflow is driven by the rotating disk. Figure 9 shows the rotation velocity perpendicular to the y = 0 plane for this model. In the figure, the positive and negative velocity along the line of sight are colored by red and blue, respectively. Figure 9d indicates that the rotation direction of the outflow at its root is the same as that of the disk. Both the disk and outflow have a clockwise rotation near the outflow driving region. However, on a large-scale, the positively (or anti-clockwise) rotating outflow encloses the clock-wise rotating outflow ( Fig. 9c ). Furthermore, on a large scale of ∼ 1000 au (Fig. 9b) , the positive and negative rotations are nested in the outflow. This nested rotation is attributed to the envelope having both positive and negative rotations. As described in Paper I, the prestellar cloud has both positive and negative rotations because the moment of inertia at each radius is different. The outflow has a wide opening angle and sweeps the envelope gas that has a different sign of the angular momentum. In summary, since the infalling gas has both positive and negative signs of the angular momentum ( Fig. 9a ), the outflow also has both signs of the angular momentum, as seen in Figure 9b and c. Figures 7 and 9 show that the outflow having nested rotations also survives for ∼ 500 yr and reaches ∼ 1000 au. Then, the angular momentum is significantly transported in both disk outer and inner edges by magnetic effects, while the magnetic field dissipates in the intermediate region of the disk (Machida 2014; Machida, & Basu 2019) . It should be noted that supercritical clouds were adopted as the initial state in almost all recent simulation studies, as described in §1.
DISCUSSION
Angular Momentum and Magnetic Flux Problems
On the other hand, the removal process of magnetic flux and angular momentum in subcritical clouds differs from that in supercritical clouds. In the subcritical case, the Lorentz force prevents an initial rapid collapse. The cloud core does not collapse until its mass-to-flux ratio rises to a marginally supercritical value, due to ambipolar diffusion. During this time, the cloud contracts very slowly and establishes a disk-like configuration (Mouschovias 1976; Tomisaka et al. 1988a,b; Tomisaka et al. 1989 Tomisaka et al. , 1990 Tomisaka 1991) . During the quasicontraction phase, the magnetic flux is removed on a cloud scale of 10 3 − 10 4 au. Even after a rapid collapse begins, a large amount of magnetic flux remains because the cloud collapse occurs when the cloud self-gravity just exceeds the Lorentz force, i.e. the core is marginally supercritical.
On the other hand, during the quasi-contraction stage, the angular momentum on the cloud scale is largely removed by the magnetic braking (Basu & Mouschovias 1994 , 1995a .
When too much angular momentum is transported during this stage, the opposite sign of the angular momentum (or counter-rotation) is introduced into the cloud center by the swing back of the magnetic field (Mouschovias & Paleologou 1979 . As a result, in a subcritical cloud, a large amount of magnetic flux and a small amount of angular momentum remains just before the rapid collapse begins. Like the models of Mouschovias & Paleologou (1979 , our models are embedded in a nonrotating environment. This enhances the ability of magnetic braking to create a counter-rotation. The ultimate outcome of whether the core develops no disk, a directly-rotating disk, or a counter-rotating disk then depends upon the timing of exactly when the core becomes supercritical with µ ∼ > 1 and begins a rapid collapse, since the rotation rate is undergoing a decaying oscillatory evolution. When the rapid collapse begins, the rotation rate rises rapidly in magnitude regardless of which sign it has at that time. The models that develop disks have a magnitude of the rotation rate ∼ 10 −15 s −1 at the time that rapid collapse begins. This is similar in magnitude to the background rotation rate adopted by Basu & Mouschovias (1994 , 1995a in their studies of magnetic braking in the prestellar stage, based on Galactic differential rotation in the solar neighborhood. However, if the surrounding interstellar medium has a significantly greater rotation rate, then the result of a counter-rotating collapse may not be realized even in subcritical clouds. We will conduct a parameter study in the future to explore this.
Our study focuses on the gas accretion phase of a protostar that is born in a subcritical cloud. As described above, the magnetic field is very strong and the angular momentum is very small when the protostar forms. A very small amount of angular momentum causes either no disk or the appearance of a very tiny rotating disk around protostar. Without the disk, the dissipation of the magnetic field on a small scale ( ∼ < 100 au) is not effective, because (1) the gas density is not high enough to prevent the penetration of cosmic-rays and the disk temperature is not high enough to cause the thermal ionization of alkali metals (Nakano et al. 2002) , and (2) the dissipation timescale of magnetic field does not become significantly shorter than the contraction timescale of the cloud. Therefore, a large amount of magnetic flux is introduced into the central region or small disk.
With a large amount of advected magnetic flux, the interchange instability tends to occur (Spruit & Taam 1990; Lubow & Spruit 1995; Li & McKee 1996; Ciolek & Königl 1998) . As shown in §3, the strong magnetic field interchanges with the gas and is violently expelled from the central region. When a (tiny) disk emerges, both ohmic dissipation and ambipolar diffusion produce an inhomogeneous distribution of magnetic field (e.g. Machida, & Basu 2019) , which promotes the occurrence of the interchange instability. Through this process, the magnetic flux leaks from the disk (Zhao et al. 2011; Krasnopolsky et al. 2012 ) and the magnetic field strength near the protostar gradually decreases, as shown in Figure 6 4 .
Is there a Corresponding Object in Observations?
This study shows that when a star forms in a subcritical cloud, the system can be characterized by
• a protostar that has no disk or a very tiny disk.
• a very weak outflow.
• a cavity or inhomogeneous density distribution in the infalling envelope or pseudo disk, which is produced by the interchange instability and the leak of the magnetic flux.
• a rotation direction of the disk and outflow that is opposite to the rotation of the infalling envelope.
• an outflow that has different signs of rotation in different places.
If an observed object has one or some of these features, it is consistent with the possibility of star formation in a subcritical cloud. However, the above features can also be observed for the supercritical case. For example, recent studies indicate that a counterrotating envelope can appear when the Hall effect works well in the star formation process (Krasnopolsky, Li & Shang 2011; Tsukamoto et al. 2015 Tsukamoto et al. , 2017 , although the parameter space within which the Hall effect becomes effective is fairly limited (Koga et al. 2019 ;
Wurster & Bate 2019). Furthermore, the interchange instability can be also seen in both ideal and nonideal MHD simulations starting from a supercritical state (Seifried et al. 2011; Zhao et al. 2011; Joos et al. 2012; Krasnopolsky et al. 2012; Zhao et al. 2018; Machida, & Basu 2019) . To make firm conclusions, we need highly precise observations to directly determine the magnetic field strength in molecular clouds.
Recently, Keplerian disks were observed around some class 0 protostars by ALMA (e.g. Hara et al. 2013; Sakai et al. 2014; Ohashi et al. 2014; Aso et al. 2015; Hirota et al. 2017; Okoda et al. 2018) , whereas Keplerian disks were also not confirmed in some other class 0 protostars (Yen et al. 2015a; Tobin et al. 2015) . The limited spatial resolution of ALMA constrains determination of the disk size. Although it is difficult to observe a disk with a radius ∼ < 10 au, the lack of significant sized disks around some class 0 protostars may be a proof of star formation in a subcritical cloud. To precisely constrain the disk size, we need to wait for further high-resolution observations.
We next describe several objects that have features that are consistent with star formation in a subcritical cloud. Using ALMA, Tokuda et al. (2014) observed MC27 or L1521F, which was believed to be a starless core before the ALMA era (Onishi et al. 2002) , and found a 0.1 M ⊙ protostar associated with a very compact bipolar outflow. In addition, an arc or cavity-like structure is also confirmed far from the Spitzer source (or protostar). Furthermore, the protostar possess a tiny disk with a size ∼ 10 au and a mass of is as short as ∼ 100 yr, they infer a very young protostar. In addition, a Keplerian disk cannot be observed for these objects. A weak outflow and no detection of the rotating disk can be explained by star formation in a subcritical cloud. Future observations should determine details of the star formation process for these objects. Louvet et al. (2016) showed the counter-rotation between a Keplerian disk and protostellar jet around a classical T Tauri star (see also Cabrit et al. 2006) . That system is of course more evolved than the one shown in this study. Using the SMA archival data, Takakuwa et al.
(2018) found a counter-rotation between the Keplerian disk and infalling envelope around a class I protostar (IRAS 04169+2702). The Keplerian disk has a size ∼ 200 au. Although we cannot justify the formation of such large-sized and/or late time counter-rotating disks without further long-term simulations, these objects are possible candidates of star formation in subcritical clouds. Aso et al. (2019) also observed six class 0 objects that are not associated with an observed disk. Nevertheless, these objects have massive envelopes, but the outflow activities seem to be very weak. These objects may also be candidates for star formation in subcritical clouds (see also Hirano & Liu 2014) .
SUMMARY
Subsequent to Paper I, this study has focused on the gas accretion stage of star formation in subcritical clouds. The star formation process in a subcritical cloud differs from that in a supercritical cloud in ways that are schematically presented in Figure 10 . There we classify the star formation process into three cases of supercritical, subcritical case 1, and subcritical case 2.
The star formation process in the supercritical case is shown in Figure 10a . For this case, the protostar is surrounded by a rotationally-supported disk that drives both a highvelocity collimated jet and a slow-velocity wide-angle outflow. The angular momentum is transported on the disk scale by the magnetic effects of magnetic braking and outflows, while the magnetic field dissipates inside the disk. Many recent observations seems to support this usual star formation process.
On the other hand, for the subcritical case, a large amount of angular momentum is transported out to the interstellar medium before the gravitational collapse begins. A part of the angular momentum is also transported by the outflow, and the remaining angular momentum can contribute to the formation of a tiny disk. In this case, a large amount of magnetic flux is also introduced into the central region. The magnetic flux trapped in the disk finally gives rise to the interchange instability and is ejected from the central region.
We further classified star formation in a subcritical cloud into two cases. The first one is shown in Figure 10b . For this case, a protostar possesses a tiny disk that drives a weak outflow. In addition, the swing back of the magnetic tension force in a cloud scale produces a counter-rotating disk and outflow, in which the rotation vector of the disk and outflow is opposite to that of the prestellar core. In addition, there exists a cavity-like structure, which is created by the interchange instability and the leak of the magnetic flux into the pseudo-disk or infalling envelope. In the cavity, the magnetic pressure is high, and the thermal pressure, which is proportional to the gas density, is low. The second subcritical case is shown in Figure 10c . For this case, although no disk appears, the rotational motion produces torsional Alfvén waves that can drive a very weak outflow.
It is very difficult to definitively identify a protostellar system that is born in a subcritical cloud. However, we have identified several unique collapse channels that can arise in the case of subcritical initial conditions. In the ALMA era, we hope to identify objects that can be explained through these scenarios. In doing so we can better understand the role of magnetic fields in constraining the star formation process. Tokuda, K., Onishi, T., Saigo, K., et al. 2014, ApJ, 789, L4. Tokuda, K., Onishi, T., Saigo, K., et al. 2017, ApJ, 849, 101. Tokuda, K., Onishi, T., Saigo, K., et al. 2018, ApJ, 862, 8. Tomida, K., Okuzumi, S., & Machida, M. N. 2015, ApJ, 801, 117 Tomida, K., Machida, M. N., Hosokawa, T., Sakurai, Y., & Lin, C. H. 2017, ApJ, 835, L11
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APPENDIX A: DECOUPLING-ENABLED MAGNETIC STRUCTURE
As seen in Figures 2 and 7 , a density cavity appears around a rotationally-supported disk in models M1 and M05. In the cavity, the gas density is low, while the magnetic field is strong ( Fig. 5) . In §3, we called it the magnetic cavity, which is caused by the interchange instability and usually seen in recent studies (e.g., Seifried et al. 2011; Joos et al. 2012; Machida et al. 2014; ).
This kind of structure can be also confirmed in an ideal MHD calculation done by Zhao et al. (2011) , in which the sink technique was used to mimic the decoupling between magnetic field and neutral gas. They called it as the Decoupling-Enabled Magnetic Structure (DEMS, see also Krasnopolsky et al. 2012) . Zhao et al. (2011) also pointed out that the magnetic flux accumulated in the cavity (or DEMS) is originally associated with the gas composed of protostar (or the gas inside the sink). In summary, the decoupled magnetic flux forms the DEMS, which can resolve the magnetic flux problem (Nakano et al. 2002) .
In our simulation, a large amount of magnetic flux leaks from the central region (or the protostar) to the cavity as seen in Figures 5 and 6 . However, we need to quantitatively Figure A1 plots the normalized protostellar mass-to-magnetic flux ratio µ ps (r) at the end of the simulation, which is defined as
where M ps (t end ) is the protostellar mass at the end of the simulation and the magnetic flux Φ(r) is estimated on the equatorial plane as the function of the distance from the central protostar (Zhao et al. 2011) . Note that the definition of the protostar is described in §3.2. The figure indicates that the normalized protostellar mass-to-flux ratio decreases as the distance from the protostar increases, and it exceeds ∼ 10 − 100 near the protostar ( ∼ < 0.1 au). Figure A2 shows the normalized mass-to-flux ratio, which is defined as
against the cloud mass at the initial stage (t = t 0 ; thick line) and the epoch just before the first core formation when the central number density reaches n ∼ 10 10 cm −3 (t = t fc ; thin line), in which the mass M(r) is radially integrated from the center of the cloud. In the figure, the protostellar mass at the end of the simulation (M ps (t end ); the horizontal axis) and the corresponding initial mass-to-flux ratio (µ ps (t end ); the vertical axis) are indicated on each thick line (the values M ps (t end ) and µ ps (t end ) are also described in the figure). Since the protostar has a mass of M ps (t end ) = 0.033 (M1), 0.048 (M07) and 0.031 M ⊙ (M05) at the end of the simulation, the corresponding initial mass-to-flux ratio is µ 0 (≡ µ ps (t end )) = 0.95 (M1), 0.71 (M07) and 0.47 (M05), respectively, as described in Figure 2 . This means that the protostar at the end of the simulation should roughly have µ ps (t end ) if flux-freezing holds.
However, in reality, flux-freezing does not hold and magnetic flux leaks from the highdensity region. Figure A2 shows that the normalized mass-to-flux ratios at the first core formation epoch (thin lines) are larger than those at the initial stage (thick lines) inside the cloud. In addition, for each model, the mass-to-flux ratio of the protostar at the end of the simulation (after protostar formation) exceeds µ ps (r ∼ 0.05 au) > 10 − 1000 ( Fig. A1) , while that of the inner part of the dense core containing the same mass right before the first core formation is µ(M ∼ 0.03 M ⊙ ) ∼ 3 (Fig. A2) . Thus, Figures A1 and A2 indicate that the magnetic flux is efficiently transported outward as the cloud evolves.
To explore the area to which the magnetic field leaked from the protostar, the mass-toflux ratio µ ps (t end ) that the protostar should have under flux-freezing and the flux distribution radius r flux are plotted by the dotted line in Figure A1 . The r flux is derived from the intersection between each solid and vertical dotted lines in Figure 1 . The flux distribution radius r flux can be regarded as the radius inside which the magnetic flux originally associated with the protostar is distributed. Note that the magnetic field is decoupled from the neutral gas that has gone to the protostar due to both ohmic dissipation and ambipolar diffusion.
The r flux for model M1 and M05 is ∼ 7.3 au (M1) and ∼ 37 au (M05), respectively. In Figure 7 , the low-density cavity extends up to ∼ 10 au (M1) and ∼ 20 au (M05), respectively, at the end of the simulation. It is difficult to clearly determine the size of the cavity because it has a non-axisymmetric structure. Nevertheless, the size of the cavity roughly correspond to the radius r flux , which indicates that most of the magnetic flux originally associated with the protostar is packed in the cavity (see also Fig. 5 ). Note that a part of the flux may be numerically transported because the hyperbolic divergence cleaning formulated by Dedner et al. (2002) is used as described in §2. et al. (2011) pointed out that the DEMS contains most of the magnetic flux originally associated with the protostellar mass. Thus, we can conclude that the magnetic cavity seen in Figure 2 and 7 corresponds to the DEMS called in Zhao et al. (2011) .
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APPENDIX B: MAGNETIC FLUX DISTRIBUTION WITHOUT CAVITY
As described in §3, model M07 shows neither cavity nor rotationally-supported disk. The magnetic dissipation is not very effective without a rotationally supported disk, because magnetic dissipation effectively occurs in the disk (Machida et al. , 2016 . On the other hand, Figure A1 indicates that, even for model M07, the magnetic flux is transported outward, because the ratio exceeds µ ps ∼ > 10 in the range of r ∼ < 0.1 au. However, the magnetic field of the protostar for model M07 is stronger than that for models M1 and M05 (Fig. A1) .
Thus, the magnetic flux introduced in the protostar is greater in model M07 than in models M1 and M05. Therefore, for model M07, although a non-negligible amount of the magnetic flux is introduced into the protostar, a part of the magnetic flux moves outward. A further long-term calculation is necessary to determine the net magnetic flux movement for model M07. Figure B1 shows the magnetic field vectors superimposed on the density distribution on the y = 0 plane for model M07. Within the calculation, although no rotationally supported disk appears, a pseudo disk exists around the protostar. Since the pseudo disk is dense and contracts slowly, the magnetic dissipation can occur around the protostar. With the dissipation, the magnetic field lines (or magnetic vectors) are gently bent near the equatorial plane. Thus, we could not confirm a clear split monopole-like structure in magnetic vectors in the region far from the protostar. On the other hand, we can confirm a split monopole-like configuration near the protostar. Since the efficiency of the magnetic dissipation for model M07 is less effective than models M05 and M1, the evolved star is expected to have a strong magnetic field.
APPENDIX C: MAGNETIC FIELD STRENGTH IN DISK
In §3.4, we showed the evolution of the mass-to-flux ratio, in which we defined the disk surface density and the scale height without magnetic effects when deriving the disk mass.
To justify ignoring the magnetic effects, the distributions of plasma beta and density are plotted in Figure C1 . The figure indicates that magnetic field is very weak in the disk, where the plasma beta significantly exceeds unity (Fig. C1 left) .
In addition, the gas is concentrated around the equatorial plane outside the disk (Fig. C1 right). The high density region outside the disk (|x| ∼ > 3 au) corresponds to the pseudo disk.
In §3.4, we used h = c s /(πGρ) 1/2 as the disk scale height. In the right panel of Figure C1 log n [cm -3 ] Figure B1 . Magnetic field vectors superimposed on the density distribution on the y = 0 plane for model M07. The elapsed time after cloud collapse begins is t and that after protostar formation is tps, and they are listed at the top.
density around the equatorial plane just outside the disk is n ∼ 10 11 cm −3 , which corresponds to h ≃ 12 au with a temperature of 30 K ). On the other hand, the mass is concentrated in the range of |z| ≪ 1 au as seen in the right panel of Figure C1 . Thus, we can also safely ignore the magnetic effect in the scale height when estimating the disk mass in §3.4.
